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We prove the following complete and qualitatively sharp description of heat
kernels G of Dirichlet Laplacians on bounded C1;1 domains D: There exist positive
constants c1; c2 and T > 0 depending on D such that, for rðxÞ ¼ distðx; @DÞ;
rðxÞrðyÞ
t
^ 1
 
c1
tn=2
ec2 jxyj
2=t4Gðx; t; y; 0Þ4
rðxÞrðyÞ
t
^ 1
 
1
c1tn=2
ejxyj
2=ðc2 tÞ
for all x; y 2 D and 05t4T : The upper bound is well known since the 1980s
(E.B. Davies, J. Funct. Anal. 71 (1987), 88–103) however, the existence of the lower
bound had been an open question since then. (Bounds when t > T are known.)
Bounds when D is unbounded are also given. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let G ¼ Gðx; t; y; 0Þ be the heat kernel of the Dirichlet Laplacian in
D ð0; T Þ: Here, D is a domain in Rn and T > 0: It is well known that G
has Gaussian lower and upper bounds when x; y are away from the
boundary of D: However, in general, these bounds break down when x; y
are close to the boundary. A fundamental problem is, therefore,
to understand the boundary behavior of the heat kernel. Many authors
have studied this problem. We refer the reader to [Ba, D, D2, BD, DS, FGS,
LSU, W] and the papers quoted therein. Let us brieﬂy review the major
known results.
The elliptic counterpart of the problem has been well understood when @D
is sufﬁciently smooth. In fact, the following theorem is well known:
Theorem A. Let D	 Rn; n53; be a bounded C1;1 domain and G be the
Green’s function of the Dirichlet Laplacian, then there exists a positive1Current Address: Department of Mathematics, University of California, Riverside,
California 92521.
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C1
rðxÞrðyÞ
jx yj2
^ 1
 
jx yj2n4Gðx; yÞ4C
rðxÞrðyÞ
jx yj2
^ 1
 
jx yj2n:
Here, rðxÞ ¼ distðx; @DÞ:
The upper bound was proved in [GW] and the lower bound was proven in
[Zo] and others. This theorem has played a major role in potential analysis
and mathematical physics. For instance, the well-known three-G theorem is
a consequence of Theorem A. For recent extensions of the theorem to the
case of Lipschitz domains, see [Bo] and the references therein.
The parabolic problem has been studied in [D, D2, DS, H, W] and others.
In fact, the following upper bound is well known.
Theorem B. Let D 	 Rn; n53; be a bounded C1;1 domain and G be the
heat kernel of the Dirichlet Laplacian, then there exist positive constants
c1; c2; T such that
Gðx; t; y; 0Þ4
rðxÞrðyÞ
t
^ 1
 
c1
tn=2
ec2 jxyj
2=t
for all x; y 2 D and 05t4T : Here, rðxÞ ¼ distðx; @DÞ:
Theorem B is due to Davies [D2] or Davies and Simon [DS] (see also
Theorem 4.6.9 and notes on p. 145 in [D]). Actually, we are only stating the
core result of Theorem 3 in [D2] which, in fact, covers less smooth domains
and has a sharp constant for c2: We also refer the reader to [H] for a
different proof of the upper bound.
Despite its obvious importance, the validity of the apparent lower bound
has been an open problem even when D is smooth and bounded. The goal of
the paper is to give a complete solution to the problem.
In this paragraph, we lay out a number of equations and notations to be
used throughout the paper. We are mainly concerned with the fundamental
solution G ¼ Gðx; t; y; 0Þ to the heat equation satisfying Dirichlet boundary
condition.
Du @tu ¼ 0 in D ð0;1Þ: ð1:1Þ
Here, D 	 Rn is a C1;1 domain.
For any x 2 D; rðxÞ will be the distance between x and @D: We will use
c;C; c1;C1; . . . ; to denote generic positive constants.
The next two theorems are the main result of the paper.
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There exist positive constants c1; c2 and T > 0 depending on D such that
rðxÞrðyÞ
t
^ 1
 
c1
tn=2
ec2 jxyj
2=t4Gðx; t; y; 0Þ4
rðxÞrðyÞ
t
^ 1
 
1
c1tn=2
ejxyj
2=ðc2tÞ
for all x; y 2 D and 05t4T :
Remark 1.1. (a) As mentioned earlier, the upper bound is well known. So
all we have to do is to prove the lower bound.
(b) When t > T ; the following two-sided bound for Gðx; t; y; 0Þ is well
known [D2, DS]:
c1rðxÞrðyÞel0t4Gðx; t; y; 0Þ4crðxÞrðyÞel0t
for all x; y 2 D and t5T : Here, c > 0 and l0 is the ﬁrst eigenvalue of D:
Combining the above with Theorem 1.1, ﬁnally we have obtained a
qualitatively sharp understanding of the boundary behavior of the heat
kernel of Dirichlet Laplacians for bounded C1;1 domains.
Next, we will show that the lower and upper bounds actually hold when D
is an unbounded domain satisfying some simple assumptions which are
intuitively clear. In this case even the upper bound was not known in
general.
For the domain D in the next theorem, we assume:
(i) The Euclidean distance is ‘‘comparable’’ with the distance within D:
i.e. there exists r0 > 0 and l051 such that for any r 2 ð0; r0Þ the following
holds: For x; y 2 D such that rðxÞ5r; rðyÞ5r there exists a length
parameterized curve l	 D connecting x and y such that jlj ¼ l1jx yj for
some l1 2 ½1; l0: Moreover, l can be chosen so that distðlðsÞ; @DÞ5l2r for all
s 2 ½0; jlj: Here, l2 is another positive number depending on D:
(ii) D is uniformly C1;1 in the following sense: There exist r0 > 0; m > 0
such that for every q 2 @D; there exists a function bq : R
n1 ! R such that
jrbqðx
0Þ  rbqðy
0Þj4mjx0  y 0j and an orthonormal coordinate system such
that
Bðq; r0Þ \ D ¼ Bðq; r0Þ \ fy j y ¼ ðy1; . . . ; ynÞ; yn > bqðy1; . . . ; yn1Þg:
Remark 1.2. It is easy to see that the complement of any bounded C1;1
domain and the half-space Rnþ satisfy (i) and (ii).
Theorem 1.2. Let D be a C1;1 domain in Rn; n53: Suppose D satisfies
the above conditions ðiÞ and ðiiÞ; then there exist positive constants c1; c2 and
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rðxÞrðyÞ
t
^ 1
 
c1
tn=2
ec2 jxyj
2=t4Gðx; t; y; 0Þ
4
rðxÞrðyÞ
t
^ 1
 
1
c1tn=2
ejxyj
2=ðc2tÞ
for all x; y 2 D and 05t4T :
Remark 1.3. The method of proof grows out of the boundary Harnack
inequality developed in [FGS] and an idea in [FS]. Such a method can be
generalized to treat heat kernels of elliptic operators with variable
coefﬁcients in less smooth domains. For instance, Theorems 1.1 and 1.2
still hold if D is replaced by a second order uniformly elliptic operator with
H .older continuous coefﬁcients.
Theorems 1.1 and 1.2 will be proven in Sections 2 and 3, respectively.
2. PROOF OF THEOREM 1.1
The proof of the bound is divided into three lemmas. Throughout the
section we assume that 05t4T which is determined by D:
Lemma 2.1. Suppose rðxÞ25a1t and rðyÞ25a1t for some a1 > 1; then
there exist positive constants c1; c2 such that
Gðx; t; y; 0Þ5
c1
tn=2
ec2 jxyj
2=t:
Proof. The proof is divided into three steps. The argument is based on
the idea in the paper [FS] adapted to the present setting.
Step 1. We prove the following claim: Suppose rðxÞ25a1t for some
a1 > 1; then there exists a positive constant c such that then
Gðx; t; x; 0Þ5
c
tn=2
:
We pick a point x1 such that r2ðx1Þ5a1t: Let f 2 C10 ðBðx1; t
1=2=2ÞÞ be such
that fðxÞ ¼ 1 when x 2 Bðx1; t1=2=4Þ and 04f41 everywhere. Consider the
function
uðx; tÞ ¼
Z
D
Gðx; t; y; 0ÞfðyÞ dy:
QI S. ZHANG420As in [S-C], we extend u by assigning uðx; tÞ ¼ 1 when t50 and x 2
Bðx1; t1=2=4Þ; then u is a positive solution of (1.1) in Bðx1; t1=2=4Þ  ð1;1Þ
	 D ð1;1Þ: Using twice the standard parabolic Harnack inequality
[M], we obtain
uðx1; 0Þ4Cuðx1; t=4Þ4Cuðx1; t=4Þ;
Gðy; t=4; x1; 0Þ4CGðx1; t; x1; 0Þ;
for y 2 Bðx1; t1=2=2Þ: Hence
1 ¼ uðx1; 0Þ4Cuðx1; t=4Þ ¼ C
Z
Bðx1;t1=2=2Þ
Gðx1; t=4; y; 0ÞfðyÞ dy
¼C
Z
Bðx1;t1=2=2Þ
Gðy; t=4; x1; 0ÞfðyÞ dy4CGðx1; t; x1; 0Þ
Z
Bðx1;t1=2=2Þ
fðyÞ dy
4CGðx1; t; x1; 0Þtn=2:
Since x1 is arbitrary, the claim is proven. This ﬁnishes step 1.
Step 2. We prove the following claim: Suppose rðxÞ25a1t for some
a1 > 1 and jx yj24t; then there exists a positive constant c such that
Gðx; t; y; 0Þ5
c
tn=2
:
The proof follows from the standard Harnack inequality. By step 1, there
exists a positive constant c such that
Gðx; t=2; x; 0Þ5
c
tn=2
:
Consider the function uðy; tÞ ¼ Gðy; t; x; 0Þ which is a solution to (1.1) in
Bðx; ð1þ eÞ
ﬃﬃ
t
p
Þ  ð0;1Þ 	 D ð0;1Þ: Here, e > 0 is sufﬁciently small. By
the Harnack inequality,
Gðy; t; x; 0Þ5Gðx; t=2; x; 0Þ5
c
tn=2
:
This completes step 2.
Step 3. In this step, we treat the remaining case: rðxÞ25a1t; rðyÞ
25a1t
and jx yj25t:
By our assumption on D and t; we claim that there exists a length
parameterized curve l	 D connecting x and y such that jlj ¼ l1jx yj for
some l151:Here, l14l0; which is a constant depends on D only. Moreover,
l can be chosen so that distðlðsÞ; @DÞ5l2
ﬃﬃ
t
p
for all s 2 ½0; jlj: Here, l2 is
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follows. For a small d > 0 and t sufﬁciently small, consider the domain
D0 ¼ fz 2 D j distðz; @DÞ > ð1 dÞ
ﬃﬃﬃﬃﬃﬃ
a1t
p
g: The above claim obviously holds
for x; y 2 D0 when jx yj5e; which is sufﬁciently small. This can
be conﬁrmed by using local coordinates because a neighborhood of x and
y of uniform size is either diffeomorphic to the unit ball or the half-unit ball.
When jx yj5e; clearly the claim holds since the ‘‘diameter’’ of D0
is uniformly bounded due to the boundedness of D: Here the diameter of
D0 is deﬁned as the maximum of intrinsic distances between the pair of
points in D0:
For a l3 > 0 to be determined later, let m be the smallest integer
satisfying
l3jx yj2
t
4m;
and xk ¼ lð
kl1 jxyj
m Þ with k ¼ 0; 1; . . . ;m: By the reproducing formula of the
heat kernel
Gðx; t; y; 0Þ5
Z
G x;
t
m
; y1; 0
 
G y1;
t
m
; y2; 0
 
  
G ym1;
t
m
; y; 0
 
dy1 . . . dym1;
where we integrate yk over the set
yk : jyk  xk j5
1
4
ðt=mÞ1=2
 	
\ D:
Note that
ﬃﬃﬃﬃ
t
m
r
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2
l3jx yj2
s
4
ﬃﬃﬃﬃﬃ
t
l3
r
4
distðxk ; @DÞ
l2
ﬃﬃﬃﬃﬃ
l3
p :
Taking l3 sufﬁciently large, we haveﬃﬃﬃﬃ
t
m
r
4rðxkÞ=44jxk  yk j=4þ rðykÞ=4;
k ¼ 0; 1; . . . ;m: This shows that rðykÞ > 2
ﬃﬃﬃﬃﬃﬃﬃ
t=m
p
> 0 and hence
yk : jyk  xk j5
1
4
ðt=mÞ1=2
 	
\ D ¼ yk : jyk  xk j5
1
4
ðt=mÞ1=2
 	
:
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jyk  ykþ1j4jxk  xkþ1j þ jyk  xk j þ jykþ1  xkþ1j4jxk  xkþ1j þ
1
2
ﬃﬃﬃﬃﬃﬃﬃ
t=m
p
4
l1jx yj
m
þ
1
2
ﬃﬃﬃﬃﬃﬃﬃ
t=m
p
¼
l1ﬃﬃﬃﬃ
m
p jx yjﬃﬃﬃﬃ
m
p þ 1
2
ﬃﬃﬃﬃﬃﬃﬃ
t=m
p
4
l1ﬃﬃﬃﬃ
m
p jx yj
ﬃﬃ
t
p
ﬃﬃﬃﬃ
l3
p
jx yj
þ
1
2
ﬃﬃﬃﬃﬃﬃﬃ
t=m
p
4
2
3
ﬃﬃﬃﬃﬃﬃﬃ
t=m
p
;
when l3 is sufﬁciently large. By step 2, we have
G yk ;
t
m
; ykþ1; 0
 
5
c
ðt=mÞn=2
for y1; . . . ; ym in the region where the above integral takes place. Hence
Gðx; t; y; 0Þ5
Ym1
r¼0
C
ðt=mÞn=2
" #Ym1
r¼1
ðt=mÞn=2
h i
5Cm=tn=2:
Since m is comparable to jx yj2=t; the above implies, for some c1; c2 > 0;
Gðx; t; y; 0Þ5
c1
tn=2
ec2 jxyj
2=t
for t4T ; which depends on D: This proves Lemma 2.1. ]
Lemma 2.2. Suppose rðxÞ24a1t and rðyÞ2516a1t for some a1 > 1; then
there exist positive constants c1; c2 such that
Gðx; t; y; 0Þ5
c1rðxÞ
tðnþ1Þ=2
ec2 jxyj
2=t:
Proof. Given x 2 D such that rðxÞ24a1t; let %x 2 @D be such that jx %xj ¼
rðxÞ: Let xt 2 D be chosen so that: %x  xt and x %x are colinear,
rðxtÞ ¼ distðxt; @DÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2a1t
p
; jx xtj4
ﬃﬃﬃﬃﬃﬃﬃﬃ
2a1t
p
: Then, for y satisfying r2ðyÞ
516a1t;
jy  xj5jy  %xj  j %x  xj5distðy; @DÞ  distðx; @DÞ
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16a1t
p

ﬃﬃﬃﬃﬃﬃ
a1t
p
¼
3ﬃﬃﬃ
2
p ﬃﬃﬃﬃﬃﬃﬃﬃ2a1tp 5 3ﬃﬃﬃ
2
p jx xtj:
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jy  xtj5jy  xj  jx xtj5jy  xj=2; ð2:1Þ
jy  xtj4jx yj þ jx xtj44jx yj: ð2:2Þ
Now we write uðz; tÞ ¼ Gðz; t; y; 0Þ and vðzÞ ¼ Gðz; y0Þ; where G is the
Dirichlet Green’s function of D on D; y0 2 D is a point such that
r2ðy0Þ ¼ 16a1t; jx y0j410
ﬃﬃﬃﬃﬃﬃ
a1t
p
:
Both u and v are positive solutions of (1.1) in the region ðBð %x; 3:5
ﬃﬃﬃﬃﬃﬃﬃﬃ
a1; t
p
Þ \
DÞ  ð0;1Þ and uðz; tÞ ¼ vðzÞ ¼ 0 when z 2 @D: By the local comparison
theorem in [FGS], there exists C > 0 such that
uðx; tÞ
vðxÞ
5C
uðxt; t=2Þ
vðxtÞ
; i:e: Gðx; t; y; 0Þ5CGðx; y0Þ
Gðxt; t=2; y; 0Þ
Gðxt; y0Þ
:
By the classical estimates of G (Theorem A) and (2.1), we have
Gðx; t; y; 0Þ5C
rðxÞjxt  y0jn2
jx y0j
n1 Gðxt; t=2; y; 0Þ5C
rðxÞ
jx y0j
Gðxt; t=2; y; 0Þ:
Here we have used the inequality rðy0Þ ¼ 4
ﬃﬃﬃﬃﬃﬃ
a1t
p
5cjx y0j and
Gðx; y0Þ5C
rðxÞrðy0Þ
jx y0j2
^ 1
 
1
jx y0jn2
5C
rðxÞ
jx y0j
^ 1
 
1
jx y0jn2
:
Since r2ðxtÞ ¼ 2a1t and r2ðyÞ516a1t; Lemma 2.1 implies
Gðxt; t=2; y; 0Þ5
c3
tn=2
ec4 jxtyj
2=t5
c3
tn=2
ec5 jxyj
2=t;
where the last inequality is due to (2.2). Therefore,
Gðx; t; y; 0Þ5
c3rðxÞ
jx y0jtn=2
ec5 jxyj
2=t5
c1rðxÞ
tðnþ1Þ=2
ec5 jxyj
2=t:
This proves Lemma 2.2. ]
Lemma 2.3. Suppose, for a2 > 1; rðxÞ24a2t and rðyÞ24a2t; then there
exist positive constants c1; c2 such that
Gðx; t; y; 0Þ5
c1rðxÞrðyÞ
tðnþ2Þ=2
ec2 jxyj
2=t:
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Gðx; 2t; y; 0Þ ¼
Z
D
Gðx; t; z; 0ÞGðz; t; y; 0Þ dz
5
Z
rðzÞ2516a2t
Gðx; t; z; 0ÞGðz; t; y; 0Þ dz: ð2:3Þ
Since r2ðxÞ;r2ðyÞ4a2t and r2ðzÞ516a2t; Lemma 2.2 implies, for c1; c2 > 0;
Gðx; t; z; 0Þ5
c1rðxÞ
tðnþ1Þ=2
ec2 jxzj
2=t;
Gðz; t; y; 0Þ5
c1rðyÞ
tðnþ1Þ=2
ec2 jyzj
2=t:
Combining the above with (2.3), we obtain
Gðx; 2t; y; 0Þ5
c6rðxÞrðyÞ
tðnþ2Þ=2
1
tn=2
Z
r2ðzÞ516a2t
ec7
jxzj2þjyzj2
t dz:
Since jx zj þ jy  zj4jx yj þ 2jx zj; the above implies
Gðx; 2t; y; 0Þ5
c6rðxÞrðyÞ
tðnþ2Þ=2
ec8
jxyj2
t
1
tn=2
Z
r2ðzÞ516a2t
ec8
jxzj2
t dz: ð2:4Þ
Since D is a C1;1 domain, it satisﬁes the uniform interior ball condition.
Hence there exists a T > 0 depending on D such that, when t5T ; the
domains
D1  fz j r2ðzÞ > 16a2tg; D2  fz j r2ðzÞ > 64a2tg
are also C1;1 domains. For any x 2 D such that r2ðxÞ4a2t; let x1 2 @D be such
that jx x1j ¼ rðxÞ: By the compactness of D1  D2; there exists a d > 0 such
that
Dx;t;d  fz j 5
ﬃﬃﬃﬃﬃﬃ
a2t
p
4jx zj46
ﬃﬃﬃﬃﬃﬃ
a2t
p
; cosðx x1; z xÞ51 dg 	 D1  D2:
Indeed for z 2 Dx;t;d;
rðzÞ4jz xj þ jx x1j46
ﬃﬃﬃﬃﬃﬃ
a2t
p
þ
ﬃﬃﬃﬃﬃﬃ
a2t
p
47
ﬃﬃﬃﬃﬃﬃ
a2t
p
:
So z 2 Dc2: Since D is a C
1;1 domain, when t is small, for any z 2 Dx;t;d; there
exists a z0 2 Dx;t;d such that x x1 and z0  x are colinear, jz0  x1j ¼ rðz0Þ ¼
jz xj þ jx x1j and jz0  zj4Cd
ﬃﬃﬃﬃﬃﬃ
a2t
p
for some C > 0: Hence, for any w 2
@D;
jz wj5jz0  wj  jz0  zj5jz0  x1j  Cd
ﬃﬃﬃﬃﬃﬃ
a2t
p
¼ jz xj þ jx x1j  Cd
ﬃﬃﬃﬃﬃﬃ
a2t
p
:
BOUNDARY BEHAVIOUR OF HEAT KERNELS 425Taking the minimum, we obtain, when d is sufﬁciently small,
rðzÞ55ð1 CdÞ
ﬃﬃﬃﬃﬃﬃ
a2t
p
> 4
ﬃﬃﬃﬃﬃﬃ
a2t
p
:
This shows that z 2 D1  D2; i.e. Dx;t;d 	 D1  D2: Here let us mention that
the fact Dx;t;d 	 Dc2 is not needed for the subsequent argument. It is here to
show that Dx;t;d is uniform in size.
Now we haveZ
r2ðzÞ516a2t
ec8
jxzj2
t dz5
Z
Dx;t;d
ec8
jxzj2
t dz5c9tn=2:
So ﬁnally we have, from (2.4),
Gðx; 2t; y; 0Þ5
c1rðxÞrðyÞ
tðnþ2Þ=2
e
c2
jx yj2
t :
This proves the lemma. ]
Proof of Theorem 1.1. The proof is now reduced to a few lines. For any
t > 0 and a1 > 1; note that
fðx; yÞ j x; y 2 Dg ¼ D1 [ D2 [ D3 [ D4;
where D1 ¼ fðx; yÞ j x; y 2 D; r2ðxÞ5a1t;r2ðyÞ5a1tg; D2 ¼ fðx; yÞ j x; y 2
D;r2ðxÞ4a1t; r2ðyÞ516a1tg; D3 ¼fðx; yÞ j x; y 2 D;r2ðxÞ516a1t;r2ðyÞ4a1tg
and D4 ¼ fðx; yÞ j x; y 2 D;r2ðxÞ416a1t;r2ðyÞ416a1tg: Theorem 1.1 is pro-
ven by taking a2 ¼ 16a1 in Lemma 2.3 and combining it with Lemmas 2.1
and 2.2. ]
3. PROOF OF THEOREM 1.2
The proof is divided into three lemmas. The lower bound will be proved
by roughly the same method as in Section 2. Throughout the section we
always assume that t5T ; where T is a positive number depending on D:
Lemma 3.1. Suppose rðxÞ25a1t and rðyÞ25a1t for some a1 > 1; then
there exist positive constants c1; c2 such that
1
c1tn=2
ejxyj
2=ðc2tÞ4Gðx; t; y; 0Þ4
c1
tn=2
ec2 jxyj
2=t:
Proof. The upper bound is immediately proven by the maximum
principle. The lower bound follows word by word from the argument in
QI S. ZHANG426Lemma 2.1, which uses only assumption (i) on D in Section 1 and does not
depend on whether D is bounded or not. ]
Lemma 3.2. Suppose rðxÞ24a1t and rðyÞ2516a1t for some a1 > 1; then
there exist positive constants c1; c2 such that
rðxÞ
c1tðnþ1Þ=2
ejxyj
2=ðc2tÞ4Gðx; t; y; 0Þ4
c1rðxÞ
tðnþ1Þ=2
ec2 jxyj
2=t:
Proof. Let us prove the upper bound ﬁrst. Given x 2 D such that rðxÞ2
4a1t; let %x 2 @D be such that jx %xj ¼ rðxÞ: Let xt 2 D be chosen so that:
%x  xt and x %x are colinear, rðxtÞ ¼ distðxt; @DÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2a1t
p
; jx xtj4
ﬃﬃﬃﬃﬃﬃﬃﬃ
2a1t
p
:
As in the proof of Lemma 2.2, we have, for y satisfying r2ðyÞ516a1t;
jy  xtj5jy  xj  jx xtj5jy  xj=2; ð3:1Þ
jy  xtj4jx yj þ jx xtj44jx yj: ð3:2Þ
We also select x0t 2 D such that %x  x
0
t and x %x are colinear, rðx
0
tÞ ¼
distðx0t; @DÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16a1t
p
¼ j %x  x0tj: Clearly
jxt  x0tj4ð4
ﬃﬃﬃ
2
p
Þ
ﬃﬃﬃﬃﬃﬃ
a1t
p
;
jjx x0tj5jx
0
t  %xj  jx %xj54
ﬃﬃﬃﬃﬃﬃ
a1t
p

ﬃﬃﬃﬃﬃﬃ
a1t
p
¼ 3
ﬃﬃﬃﬃﬃﬃ
a1t
p
: ð3:3Þ
Now we write uðz; tÞ ¼ Gðz; t; y; 0Þ and vðzÞ ¼ Gðz; x0tÞ; where G is the
Dirichlet Green’s function of D in the domain
O %x;r0  Bð %x; r0Þ \ D:
From this point, we assume that 25a1t4r20: Here, r0 is as in assumption (ii).
Under this choice of t; we have, by the triangle inequality,
distðxt; @O %x;r0 Þ5c
ﬃﬃ
t
p
> 0; distðx0t; @O %x;r0 Þ5c
ﬃﬃ
t
p
> 0;
rðxÞ ¼ distðx; @O %x;r0Þ: ð3:4Þ
Both u and v are positive solutions of (1.1) in the region
ðBð %x; 3:5
ﬃﬃﬃﬃﬃﬃﬃﬃ
a1; t
p
Þ \ DÞ  ðt=4;1Þ
and uðz; tÞ ¼ vðzÞ ¼ 0 when z 2 @D: By the local comparison theorem in
[FGS], there exists C > 0 such that
uðx; tÞ
vðxÞ
4C
uðxt; 2tÞ
vðxtÞ
; i:e: Gðx; t; y; 0Þ4CGðx; x0tÞ
Gðxt; 2t; y; 0Þ
Gðxt; x0tÞ
: ð3:5Þ
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character of the @D\ Bð %x; r0Þ and hence the location of %x is irrelevant due to
assumption (ii) on D in Section 1.
By the classical estimates of G (Theorem A applied to the domain
Bð %x; r0Þ \ D) and using (3.1)–(3.4), we have
Gðx; x0tÞ4C
rðxÞ
jx x0tj
n14C
rðxÞ
tðn1Þ=2
;
Gðxt; x0tÞ5
C
jxt  x0tj
n25
C
tðn2Þ=2
:
We note that Bð %x; r0Þ \ D is only a piecewise C1;1 domain since it is only
Lipschitz at Bð %x; r0Þ \ @D: However, since r2ðxÞ4a1t; distðx; @ðBð %x; r0Þ \
DÞÞ ¼ rðxÞ and @D is C1;1; the above bounds for G still hold (see [B, Theorem
2, Lemma 7 and the remark before (22)]).
Hence
Gðx; t; y; 0Þ4C
rðxÞjxt  x0tj
n2
jx x0tj
n1 Gðxt; 2t; y; 0Þ4C
rðxÞﬃﬃ
t
p Gðxt; 2t; y; 0Þ:
Using the maximum principle on Gðxt; 2t; y; 0Þ; one deduces, after using
(3.1),
Gðx; t; y; 0Þ4
c1rðxÞ
tðnþ1Þ=2
ec2 jxyj
2=t:
This is the upper bound.
Now let us prove the lower bound. Keeping the same notations as in the
proof of the upper bound, by the comparison theorem in [FGS] again, we
have, for C > 0;
uðx; tÞ
vðxÞ
5C
uðxt; t=2Þ
vðxtÞ
; i:e: Gðx; t; y; 0Þ5CGðx; x0tÞ
Gðxt; t=2; y; 0Þ
Gðxt; x0tÞ
: ð3:6Þ
By the classical estimates of G and (2.1) (Theorem A) and using (3.1)–(3.4),
we have, as in the case of the upper bound
Gðx; x0tÞ5C
rðxÞ
jx x0tj
n15C
rðxÞ
tðn1Þ=2
;
Gðxt; x0tÞ4
C
jxt  x0tj
n24
C
tðn2Þ=2
:
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Gðx; t; y; 0Þ5C
rðxÞjxt  x0tj
n2
jx x0tj
n1 Gðxt; t=2; y; 0Þ5C
rðxÞﬃﬃ
t
p Gðxt; t=2; y; 0Þ:
Note that r2ðxtÞ ¼ 2a1t and r2ðyÞ516a1t; we have, by the lower bound in
Lemma 3.1,
Gðxt; t=2; y; 0Þ5
C
tn=2
ecjxtyj
2=t5
C
tn=2
ecjxyj
2=tc;
where we have used the inequality jxt  yj4jx yj þ jx xtj4jx yj þ c
ﬃﬃ
t
p
:
This shows the lower bound
Gðx; t; y; 0Þ5
CrðxÞ
tðnþ1Þ=2
ecjxyj
2=t: ]
Lemma 3.3. Suppose, for a2 > 1; rðxÞ24a2t and rðyÞ24a2t; then there
exist positive constants c1; c2 such that
rðxÞrðyÞ
c1tðnþ2Þ=2
ejxyj
2=ðc2tÞ4Gðx; t; y; 0Þ4
c1rðxÞrðyÞ
tðnþ2Þ=2
ec2 jxyj
2=t:
Proof. Let us keep the notations in Lemma 3.2 except replacing a1 by a2:
It is clear that (3.5) still holds for all y 2 D since Gðz; t; y; 0Þ is a positive
solution of (1.1) in Bð %x; 3:5
ﬃﬃﬃﬃﬃﬃﬃﬃ
a1; t
p
Þ \ DÞ  ðt=4;1Þ for any ﬁxed y 2 D:
Therefore
Gðx; t; y; 0Þ4
crðxÞ
t1=2
Gðxt; 2t; y; 0Þ:
Now let uðz; tÞ ¼ Gðz; t; xt; 0Þ and vðzÞ ¼ Gðz; y0tÞ; where y
0
t ; yt and %y (to be
used momentarily) are the counterparts of x0t; xt and %x for y:
Both u and v are positive solutions of (1.1) in the region
ðBð %y; 3:5
ﬃﬃﬃﬃﬃﬃﬃﬃ
a2; t
p
Þ \ DÞ  ðt=4;1Þ
and uðz; tÞ ¼ vðzÞ ¼ 0 when z 2 @D: By the local comparison theorem in
[FGS], there exists C > 0 such that
uðy; 2tÞ
vðyÞ
4C
uðyt; 4tÞ
vðytÞ
; i:e: Gðy; 2t; xt; 0Þ4CGðy; y0tÞ
Gðyt; 4t; xt; 0Þ
Gðyt; y0tÞ
:
Since jy  y0t j and jyt  y
0
t j are comparable with
ﬃﬃﬃﬃﬃﬃ
a2t
p
; we have as in the last
lemma,
Gðy; 2t; xt; 0Þ4C
c1rðyÞ
tðnþ1Þ=2
ecjxtyt j
2=t:
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ﬃﬃﬃﬃﬃﬃ
a2t
p
; the above
implies
Gðy; 2t; xt; 0Þ4C
c1rðyÞ
tðnþ1Þ=2
ecjxyj
2=t:
This and the ﬁrst inequality in the proof yield the upper bound
Gðx; t; y; 0Þ4
crðxÞrðyÞ
tðnþ2Þ=2
ecjxyj
2=t:
The proof of the lower bound can be carried out similarly. Indeed
following Lemma 3.2, we know that (3.6) actually holds for all y 2 D: Hence
Gðx; t; y; 0Þ5
crðxÞ
t1=2
Gðxt; t=2; y; 0Þ:
Switching the role of x and y we obtain
Gðxt; t=2; y; 0Þ ¼ Gðy; t=2; xt; 0Þ5
crðyÞ
t1=2
Gðxt; t=4; yt; 0Þ:
Since r2ðxtÞ ¼ r2ðytÞ ¼ 2a1t; Lemma 3.1 implies
Gðxt; t=4; yt; 0Þ5
C
tn=2
ecjxtyt j
2=t5
C
tn=2
ecjxyj
2=tc;
where we have used the inequality jxt  ytj4jx yj þ jx xtj þ jy  ytj4
jx yj þ c
ﬃﬃ
t
p
: The last three inequalities imply the lower bound:
Gðx; t; y; 0Þ5
CrðxÞrðyÞ
tðnþ1Þ=2
ecjxyj
2=t:
The proof of Lemma 3.3 is complete. ]
The proof of the theorem is now straightforward. For any t > 0 and
a1 > 1; note that
fðx; yÞ j x; y 2 Dg ¼ D1 [ D2 [ D3 [ D4;
where D1 ¼ fðx; yÞ j x; y 2 D;r2ðxÞ5a1t;r2ðyÞ5a1tg; D2 ¼ fðx; yÞ j x; y 2 D;
r2ðxÞ4a1t;r2ðyÞ516a1tg; D3 ¼ fðx; yÞ j x; y 2 D;r2ðxÞ516a1t;r2ðyÞ4a1tg
and D4 ¼ fðx; yÞ j x; y 2 D;r2ðxÞ416a1t;r2ðyÞ416a1tg: In D1; the upper
and lower bounds are obtained in Lemma 3.1. The bounds in D2 and D3
are covered by Lemma 3.2. The bounds in D4 are proven in Lemma 3.3 with
a2 ¼ 16a1: ]
Remark 3.1. We comment that without further conditions on the
unbounded domain D; it is not possible to obtain bounds for G in large time.
When D is a bounded nonsmooth domain, some generalizations of Theorem
1.1 are possible when r is replaced by the ﬁrst eigenfunction of the Laplacian.
QI S. ZHANG430ACKNOWLEDGMENTS
I thank Prof. E. B. Davies and Z. Zhao for providing useful information on the problem.
Thanks also go to the referee for the careful review of the paper. This research is supported in
part by a NSF grant.
Note added in proof. It is easy to see that the weight rðxÞrðyÞﬃ
t
p ^1 can be replaced by rðxÞﬃ
t
p ^ 1
rðyÞﬃ
t
p ^ 1 in the theorems, using the same method, one can obtain similar bounds for heat
kernels of exterior domains on some manifolds. Details will appear elsewhere.
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